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Abstract. In their previous papers [3], [4], Almira and Oikhberg investigated the ex- 
istence of an element x of a quasi-Banach space X whose errors of best approximation 
by a given approximation scheme {A n } (defined by E(x, A n ) = inf aS /i n \\x — a n \\) decay 
arbitrarily slowly. In this paper, we consider the same question for F-spaces (X, d) with 
non decreasing metric d and we give some applications to the study of slow convergence 
of sequences of operators. 



1. Motivation 

A famous theorem by Kakutani [15] claims that a topological vector space is metrizable 
if and only if it contains a countable basis of neighborhoods. Furthermore, if the topolog- 
ical vector space X admits a compatible metric d then it also admits an equivalent metric 
d* which is translation invariant. Thus, we assume in all what follows that our metrics 
are translation invariant. Recall that a metric vector space (X, d) is named an F-space 
if and only if it is complete (i.e., if Cauchy sequences are convergent sequences). There 
are two large categories in these spaces: the locally bounded and the locally convex ones. 
An important result by Aoki [5] and Rolewicz [22] guarantees that every locally bounded 
metric vector space admits a compatible p-norm, so that the class of locally bounded 
F-spaces coincides with the class of quasi-Banach spaces. On the other hand, it is also 
well known that normable metric spaces are precisely the metric vector spaces which are 
locally bounded and locally convex (this result was proved by Kolmogorov in 1935 [18]). 
In particular, an F-space is Banach if and only if it is locally bounded and locally convex. 

Given (X, d) an F-space, and A C Ai C ... C A n C ... C X an infinite chain of 
subsets of X, where all inclusions are strict, we say that (X, {A n }) is an approximation 
scheme (or that {A n ) is an approximation scheme in X) if: 

(Al) There exists a map K : N — > N such that K(n) > n and A n + A n C Ax( n ) for all 
n G N. 

(A2) XA n C A n for all n e N and all scalar s A. 
(A3) IJneN A n is a dense subset of X 
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Approximation schemes were introduced in Banach space theory by Butzer and Scherer 
in 1968 [9] and, independently, by Y. Brudnyi and N. Kruglyak under the name of "approx- 
imation families" in 1978 [8], and popularized by Pietsch in his seminal paper of 1981 [19], 
where the approximation spaces A r p {X,A n ) = {x G X : \\x\\a^ = \\{E(x, A n )}^ =0 \\i p r < 
oo} were studied. Here, 

j_ 

< oo} 

denotes the so called Lorentz sequence space, (X, \\ ■ \\ x ) is a quasi-Banach space and 
E(x, A n ) = mi a&An \\x - a||x- 

A fundamental part of the theory developed by the authors of the above mentioned 
papers consists of the study of the embeddings between the involved spaces. Concretely, 
Pietsch proved that the embedding A r (X, A n ) <— > A s q (X, A n ) holds true whenever r > s > 
or r = s and p < q. This, in conjunction with the central theorems in approximation 
theory, which state a strong relation between smoothness of functions / (compactness of 
operators T, respectively) and fast decay of approximation errors E(f, A n ) (approximation 
numbers a n (T), respectively), has been used to speak about the scale of smoothness 
(compactness, respectively) defined by an approximation scheme (X, {A n }). Concretely, 
it is assumed (see, for example, [2], [13], [14], [20]) that membership to the approximation 
space Ap(X, {A n }) is a concept of smoothness (compactness if X = B(Yi,Y 2 ) and A n = 
{T G B(Yi,Y2) : rank(T) < n}). Approximation schemes are, thus, a natural object 
to study in Approximation Theory. Indeed, the approximation scheme concept is the 
abstract tool that models all approximation processes, and can be considered as a central 
concept for the theory. In this paper, we study the behavior of best approximation errors 
of an element x G X relative to an approximation scheme when (X, d) is an F-space. 

To proceed further, we fix some notation. We write {aA- \ to indicate that the 
sequence S\ > e 2 > . . . > satisfies rim;£j = 0. For an F-space (X, d), we denote by 
B(i(x,r) and Sd{x,r) the closed ball and the sphere of center x G X and radius r > 0, 
respectively. That is, Sd(x,r) = {y G X : d(x,y) = r}, and Bd(x,r) = {y G X : d(x,y) < 
r}. We use the notation B(x,r) and S(x,r) if there is no possibility of confusion with 
respect to the metric d we are dealing with. If x G X, and A C X, we define the best 
approximation error of x with respect to A by E(x,A)x = dist(x, A)x = inf ae A d(x, a). 
When there is no confusion as to the ambient space X, we simply use the notation 
E(x, A). If B and A are two subsets of X and A is an scalar, we set A + B = {x + y : x G 
A and y G B}, XA = {Xx : x G A}, and E{B,A) = sup bgB E(b, A) (note that E(B, A) 
may be different from E(A,B)). Finally, we recall that A C X is bounded if for every 
r > there exists A > such that A C XB(0, r) (this is quite different of being ci-bounded, 
which means that A C B(0,r) for a certain r > 0). 



{{a n } G ^oo : || {a n } | 



p,r 



E 

n=l 
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The results described below have their origin in the classical Lethargy Theorem by S.N. 
Bernstein [6], stating that, for any linear approximation scheme {A n } in a Banach space 
X, if dimA n < oo for all n and {e n } \ 0, there exists x G X such that E(x,A n ) = e n 
for all n G N. Bernstein's proof is based on a compactness argument, and this is the 
reason because he imposed dimA n < oo for all n. In 1964 H.S. Shapiro [23] used Baire's 
category theorem and Riesz's lemma (on the existence of almost orthogonal elements 
to any closed linear subspace Y of a Banach space X) to prove that, for any sequence 
A\ C A 2 C . . . C X of closed (not necessarily finite dimensional) subspaces of a Banach 
space X, and any sequence {e n } \ 0, there exists an x G X such that E(x, A n ) ^ 
0(e n ). This result was strengthened by Tjuriemskih [25], who, under the very same 
conditions of Shapiro's Theorem, proved the existence of x G X such that E(x, A n ) > e n , 
n = 0, 1, 2, • • • . Moreover, Borodin [7] gave a new easy proof of this result and proved 
that, for arbitrary infinite dimensional Banach spaces X and for sequences {e n } \ 
satisfying e n > J2h=n+i e ^-, n — 0, 1, 2, • ■ ■ , there exists x G X such that E(x, X n ) = e n , 
n = 0,l,2,---. 

Motivated by these results, in [3] the authors gave several characterizations of the 
approximation schemes with the property that for every non-increasing sequence {s n } \ 
there exists an element x G X such that E(x, A n ) ^ 0(e n ). In this case we say that {A n } 
satisfies Shapiro's Theorem on X. In particular, Shapiro's original theorem claims that 
all non-trivial linear approximation schemes (X, {A n }) with X a Banach space, satisfy a 
result of this kind. 

Let us introduce still another definition: We say that the subset Y of X satisfies 
Shapiro's theorem with respect to the approximation scheme (X, {A n }) if for every se- 
quence {e n } \ there exists an element x G Y such that E(x,A n ) ^ 0(e n ) (to simplify 
notation, and when no confusion is possible, we will just say that the approximation 
scheme {A n } satisfies Shapiro's theorem on Y). 

Now, when studying these problems for general approximation schemes, the following 
results were proved (see [3, Theorem 2.2, Corollary 3.6], [1, Theorems 2.9, 4.2, 4.3 and 
7.7]): 

Theorem 1.1. LetX be a quasi-Banach space. For any approximation scheme (X, {A n }), 
the following are equivalent: 

(a) The approximation scheme {A n } satisfies Shapiro's Theorem on X . 

(b) There exists a constant c > and an infinite set Nq C N such that for all n G No, 
there exists some x n G X \ A n which satisfies E(x n , A n ) < cE(x n , Ak(ti))- 

(c) There is no decreasing sequence {e n } \ such that E(x,A n ) < e n \\x\\ for all 
x G X and n G N. 

(d) E(S(0,l),A n ) = 1, n = 0,l,2,.... 

(e) There exists c > such that E(S(0, 1), A n ) > c, n — 0, 1, 2, . . .. 
Moreover, if X is a Banach space, then all these conditions are equivalent to: 
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(/) For every non- decreasing sequence {e n }^L \ there exists an element x £ X 
such that E(x, A n ) > e n for all n £ N. 

Theorem 1.2. Let X be a quasi-Banach space and assume that (X, {A n }) is an approxi- 
mation scheme which satisfies Shapiro's theorem on X . IfYCXis a finite codimensional 
subspace of X , then {A n } satisfies Shapiro's theorem on Y . If, furthermore, X is Banach 
and Y is closed in the topology of X , then for every sequence {e n } \ there exists y £ F 
such that E(y, A n )x > s n for all neN. 

Theorem 1.3. Let X be a quasi-Banach space and assume that (X, {A n }) is an approx- 
imation scheme such that A n is boundedly compact on X for all n £ N. IfY C X is an 
infinite dimensional closed subspace of X , then {A n } satisfies Shapiro's theorem on Y . 

Theorem 1.4. Let X be a Banach space and assume that (X, {A n }) is linear approx- 
imation scheme on X such that dimA n < oo for all n £ N. IfY C X is an infinite 
dimensional closed subspace of X , then for every sequence {e n } \ there exists y £ Y 
such that \\y\\ = Eq and E(y, A n )x > s n for all n > 1. 

Theorem 1.5. Suppose Y C X is an infinite dimensional closed subspace of a Banach 
space X, and E= {ej}°^ is an unconditional basis of X . Set 

E n (E) = [J span{ei : i e I}, {n £ N). 

JCN,#(/)=n 

Then Y satisfies Shapiro's theorem with respect to the approximation scheme {£ n (F)}. 

The main goal of this paper is to initiate a study about approximation schemes that 
satisfy Shapiro's theorem in the F-spaces setting. This question was studied, for the case 
of linear approximation schemes, by G. Albinus [1]. In this paper we characterize, for a 
large class of F-spaces (X, d), the approximation schemes {A n } which satisfy Shapiro's 
theorem on X and, as a consequence, we give a new proof of Albinus's theorem and we 
show a few more examples of approximation schemes satisfying Shapiro's theorem on F- 
spaces. Finally, we include some new applications of the lethargy results to the study of 
slow convergence of sequences of (possibly nonlinear) operators, a subject which has been 
recently investigated by Deutsch and Hundal for the case of continuous linear operators 
in the Banach setting [10, 11, 12]. 

2. Shapiro's Theorem for F-spaces 

Let us start with some general considerations about approximation schemes and the 
Shapiro's theorem. A first observation is that approximation schemes are only interesting 
in the infinite dimensional context: 

Proposition 2.1. Let (X,d) be a metric vector space. If dim(A) < oo and {A n } satisfies 
the conditions (Al), (A2) and (A3) above, then there exists N £ N such that A^ = X . 
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Proof. Let us set X n = span(A„), n — 0, 1, • • ■ . Obviously, X n is a closed subspace of X 
(since s = dim(X) < oo, which implies that all its subspaces are closed). Moreover, |J n X n 
is a dense subspace of X. Then Baire category theorem claims that there exists m £ N 
such that X m has non-empty interior. Assume that B(x,r) C X m . Then B(—x,r) C X m 
and 

5(0, r) C r) + £(-x, r)) C X m , 

since d is translation invariant, which implies that, if d(z,0) < r then <i(x + z, x) < r, 
d(—x + z, —x) < r and z = \{{x + z) + (— x + z)). It follows that X m = X since the balls 
.8(0, r) are absorbing subsets of X. Now, A m spans X m , so that we can take an algebraic 
basis of X m = X formed by elements of A m . In particular, every x £ X is a finite sum 
Ylk=i ■^kd'k of elements of A m (since XA m C yl m for all scalar A). On the other hand, 
A m + A m + • • • A m (s times) is a subset of A/^m), where h(m) = K(K(- ■ ■ K(m) ■■■)) = 
N £ N is a fixed finite number. This ends the proof. □ 

In the normed and quasi-normed setting, two (quasi-)norms || ■ ||i and || • ||2, defined 
over the same vector space X, are equivalent (i.e., define the same topology on X) if and 
only if there exists two constants C\,C2 > such that Ci 1 1 ^ 1 1 2 < ||^||i < C2IMI2 for all 
x £ X. This has the nice consequence that an approximation scheme {A n } in X satisfies 
Shapiro's theorem with respect to the (quasi-) norm || ■ 1^ if and only if it satisfies Shapiro's 
theorem with respect to any equivalent (quasi-)norm || ■ H2. In the case of F-spaces the 
question is much more delicate, since the equivalence of two distances d\, c?2 is a much 
more subtle concept. Recall that metrics d\ and c?2 over the vector space X are equivalent 
if they generate the same topology on X. 

Definition 2.2 (Rolewicz, [21]). The metric d is non- decreasing if d(ax, 0) < d(x, 0) 
whenever < a < 1. 

Remark 2.3. (i) If the metric d is non decreasing, then d(ax, 0) < d(/3x, 0) whenever 
< a < since, if < a < (3, then < | < 1 and d(ax, 0) = d(f/3x,0) < 
d{(3x,0). 

(ii) Assume that d is non decreasing and < A < n with n £ N. Then d(Xx, 0) = 
d(^nx, 0) < d(nx, 0) < nd(x, 0) for all x £ X. Consequently, if A C X satisfies 
aA C A for all scalar a, then 

E(ax, A) <([a] + l)E(x, A) for all x £ X and a > 0. 

(Here [a] denotes the integral part of a). 
(Hi) If (X, d) is a metric vector space, then d*(x,y) = sup 0<i<1 d{tx, ty) defines a non- 
decreasing equivalent metric on X ( see [21, Theorem 1.2.2.]). 

Example 2.4. If (X, d) is a locally convex metrizable topological vector space with metric 
d(x,y) = max fcgN {2~ fc t^t~& ] }> where {p^} is a separating family of semi norms of X, 
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then \\x\\x = d(x,0) satisfies 

min{a, < ||ax||x < max{a, l}||x||x for all x G X and a > 0. 

In particular, d is non- decreasing. Furthermore, if A C X satisfies XA C A for all scalar 
A, then 

min{a, l}i?(x, A) < E(ax, A) < max{«, A) for all x G X and a > 0. 

Proof. To prove this result it is enough to demonstrate that, if t, a > 0, then 
(2.1) minja, 1} < < maxja, 1}- 



1 + t _ 1 + at _ L J 1 + t 
These inequalities are trivial for a G {0, 1}, so that we assume that a(l — a) ^ 0. Let us 
define the function <f> a (t) = = Q ^[^" } f) . Obviously, = , which is bigger 

than if a G (0, 1) and smaller than if a > 1. It follows that 

0a(O) = a < < lim 4> a (t) = 1 whenever a G (0, 1) 

t— S>+00 

(pa (0) = a > a (t) > lim a (t) = 1 whenever a > 1 

These inequalities can be rewritten as 

min{a, 1} < 4> a (t) < max{a, 1} 

or, in other words, 

min{a, 1} < — — — < max{a, 1} 



1 + t ~ 1 + at ~ ~ ' _J 1 + V 
which is what we wanted to prove. □ 

Example 2.5 (Musielak and Orlicz). Let X be a vector space with a metrizing modular 
p(x), then X p = {x G X : < oo} is a vector space and 

d p (x, y) = inf{e > : pi < s} 



e 

defines a non decreasing invariant by translations metric on X p . Moreover, if ||x|| p = 
d p (x, x), then {||x n || p } — ^ if and only if p(x n ) — > (See [21, page 6, Proposition 1.2.1. 
and Theorem 1.2.4.] for the definition of modulars and a proof of this result). 

Definition 2.6. Let {A n } be an approximation scheme on the F-space (X, d), and let 
B CX. 

(a) We say that {A n } fails Shapiro's theorem on B if there exists {e n } \ such that, 
if x G B then E(x, A n ) < C(x)e n for all n G N and a certain constant C(x) > 0. 

(b) We say that {A n } fails Shapiro's theorem uniformly on B if there exists {e n } \ 
such that, E(x, A n ) < e n for all n G N and all x G B. 

(c) We say that {A n } satisfies Shapiro's theorem on B if for every {e n } \ there 
exists x G B such that E(x, A n ) ^ 0(e n ). 
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Theorem 2.7. Let (X,d) be an F-space and assume that d is non- decreasing. Let {A n } 
be an approximation scheme in X . Then the following are equivalent claims: 

(i) {A n } fails Shapiro's theorem in X . 

(ii) There exists r > such that {A n } fails Shapiro's theorem uniformly on the ball 
B(0, r ). 

Consequently, the approximation scheme {A n } satisfies Shapiro's theorem on X if and 
only i/inf n£ N E(B(0, r), A n ) > for all r > 0. 

For the proof of this result we need to use the following general property about sequences 
of positive real numbers: 

Lemma 2.8. Given {e n } \ and {h(n)} an increasing sequence of natural numbers 
satisfying n < h(n) for all n, there exists a sequence {£ n } \ such that e n < £ n and 
£n < 2^ (n) for all n. 

Proof. See [3, Lemma 2.3]. □ 

Proof of Theorem 2.7. (i) =>■ (ii). Assume that {A n } fails Shapiro's theorem in X. Then 
there exists {e n } \ such that, for every ifl there is a constant C(x) > such that 
E(x, A n ) < C(x)e n for n = 0,1, ■ ■ ■ . It follows from Lemma 2.8 that we may assume, 
with no loss of generality, that e n < 2eK( n +i)-i for all n EN. 

Obviously X = |J n r n , where T a = {x G X : E(x,A n ) < ae n for all n G N}. The sets 
T n are closed subsets of X, so that Baire's category theorem implies that T mo contains an 
open ball B(xo,ro) for a certain m,Q G N. Furthermore, it is easy to check that the sets 
T a satisfy the symmetry condition T a = —T a , so that B(— x ,r ) C r mo . Let x, y G r mo . 
Then 

E(^,A K(n) ) < Eq,A n ) + E( V -,A ) (since A n + A n C A K(jl )) 

< E(x, An) + E(y, A^) (since d is non-decreasing) 

< 2m e n (n = 0, 1, • • •) 



Let us now take j G N be an (arbitrary) natural number. Then there exists a unique 
n G N such that K(n) < j < K(n + 1) - 1. Hence 

E(——,Aj) < E(——,A K ( n )) < 2m e n < 2Cm () e K{n+l) ^ l < Am ej, 

2 ^- 1 4mo ' 



so that G T Amn . It follows that 



B(0,r ) C ^(B(x ,r ) + B{-x ,r )) C r 4mo . 

Hence {A n } fails Shapiro's theorem uniformly on B(0,r ). 

(ii) =>- (i). If {A n } fails Shapiro's theorem uniformly on B(0, ro), then there exists 
{ £ n} \ such that, E(x, A n ) < e n for all n G N and all x G -8(0, r ). On the other hand, 
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the balls are absorbing subsets of X, so that, for any x G X there exists A > such that 
x G A£>(0,r ). Then x = \y for some y G 5(0, r ) and 

E{x,A n ) = E(Xy,A n ) < ([A] + l)E(y, A n ) < ([A] + l)e B , for all n G N. 

□ 

Remark 2.9. It follows easily from the proof of (i) =>- (ii) in Theorem 2.7 that this 
implication holds true as soon as the metric d satisfies d(|,0) < <i(x, 0) for all x G 
X. Analogously, the implication (ii) =>- (i) holds true as soon as d satisfies /(A) = 
su P^o < 00 f° r an A G R. 

Remark 2.10. Theorem 2.7 generalizes Theorem 1.1 to F-spaces since, in the case of 
(quasi-) Banach spaces we have that E(rx, A n ) = \r\ p E(x, A n ) (with p = 1 for the Banach 
setting), so that E{S{X), A n ) = E(B(0, 1), A n ) and £(5(0, r), A n ) = r p E(B(0, l),A n ) for 
all n G N and all r > 0. In particular, this implies that inf n€ N E(B(0, r), A n ) > for all 
r > if and only if inf ngN E(S{X), A n ) > 0. 

We use Theorem 2.7 to prove the following important result: 

Proposition 2.11. Let d\, c?2 be two equivalent metrics over the same metric vector space 
X and let us assume that {A n } is an approximation scheme on X . Then the following 
are equivalent claims: 

(i) There exists r x > such that {A n } fails Shapiro's theorem uniformly on the ball 

B dl (p,n). 

(ii) There exists r2 > such that {A n } fails Shapiro's theorem uniformly on the ball 
£ d2 (0,r 2 ). 

Consequently, if di,d 2 are both non decreasing equivalent metrics defining an F -space 
X , then {A n } satisfies Shapiro's theorem with respect to d\ if and only if {A n } satisfies 
Shapiro's theorem with respect to d 2 . 

Remark 2.12. An important result by Klee [17] (see also [21, Theorem 1.4.4.]) guarantees 
that, if (X, d) is an F-space and d! is a metric which is equivalent to d and translation 
invariant, then (X, d') is also an F-space (i.e., X is complete with respect to d'). This 
may be not the case if the metric d' is not translation invariant! Fortunately all metrics 
in this paper are assumed to be translation invariant. 

Proof of Proposition 2.11. By definition, di, d 2 are equivalent metrics in X if there exists 
functions if, (ft : (0, oo) — > (0, oo) such that 

B d2 (0,<f(r))QB dl (0,r) 
F dl (O,0(r))CF d2 (O,r) 
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for all r > 0. Take r = y?(l) and < r < r . Then 

B d2 (0,r) Q B d2 (0,r ) Q B dl (0,l) 

and there exists 

<f (0 := inf{s > : B d2 {0,r) C B dl (0, s)}. 
In particular, _Brf 2 (0,r) C B dl (0,(j)*(r)). Analogously, for r < Ti = 0(1) the function 

<p*(r) := inf{s > : B dl (0,0 Q B d2 (0,s)} 

is well defined and satisfies 5^(0,0 Q B d2 (Q, <^*(r)). 

Let us prove that lim r ^, </?*(r) = 0. Obviously, </?* is an increasing function, since 
Si < 62 implies B dl (0,Si) C 5^(0,^), so that lim^o V 9 *( r ) = i n fr>oV 9 *( r ) = P > 0. 
Assume that p > 0. Then 

^(0,0(^)^^(0,^), 

and 

P < ¥>*(#£)) = mf{s : B dl (0,<f>(^)) C 5 rf2 (0, S )} < | 

which is impossible. It follows that lim r _>.o <P*(0 = 0- Assume (i). Let {e n } \ and r\ 
be such that 

E dl (x, A n ) < e n for all x G B dl (0, r±) and all n G N. 

Let r 2 = <p( r i) > and let x G -Bd 2 (0,r 2 ) C -6^(0, ri). For each rt G N there exists 
a n G A n such that 

<ii(x,a n ) = di(a; - a n ,0) < 2E dl (x, A n ) < 2e n . 

In other words, we have that x — a n G B dl (0,2s n ) C S d2 (0, <p*(2e n )), so that E^Oe, < 
(p*(2e n ). Now, the sequence {<p*(2e n )} is decreasing, converges to zero and does not 
depend on x G B d2 (0,r 2 ). This ends the proof of (i) =>■ (ii). The implication (ii) (i) 
follows with the very same arguments. 

The last part of this proposition follows as an easy corollary of the first part and 
Theorem 2.7. □ 

Theorem 2.7 characterizes approximation schemes satisfying Shapiro's theorem on (a 
large class of) F-spaces. Now, a natural question is to know if this characterization is 
useful for studying some concrete examples (otherwise, it would be a nice but inapplicable 
result). Fortunately, the theorem can be used for some classical cases. In particular, if 
we make some extra computations, which lead to a generalization of Riesz's lemma for 
the F-spaces setting that was proved by Albinus, we can characterize non-trivial linear 
approximation schemes satisfying Shapiro's theorem: 

Theorem 2.13 (Albinus). Let (X,d) be an F-space with non decreasing metric d and let 
{An} be a non trivial linear approximation scheme on X. Then {A n } satisfies Shapiro's 
theorem on X if and only z/inf nGN E(X, A n ) > 0. 
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Lemma 2.14 (Albinus-Riesz Lemma). Let (X,d) be a metric vector space, M a vector 
subspace of X , and r > 0. Then 

E(B(0, r), M) = min{r, E(X, M)}. 

Proof. The inequality E(B(0, r), M) < E(X, M) is obvious since -8(0, r) C X. Moreover, 
E(B(0, r), M) < r because G M implies that E(x,M) < d(x,0) for all x. This proves 
E(B(0, r),M) < min{r, E(X, M)}. To prove the other inequality we only need to check 
that, if E(B(0, r), M) < r, then E(B(0, r), M) — E(X, M) . 

Let us assume that E(B(0,r),M) < s < r. If B(0, s) |M^I there exists x G X 
such that E(x, M) > s. Define the function tp(t) = E(tx, M). It is easy to prove that tp 
is continuous and <p(0) = 0, (p{l) > s, so that there exists r G (0, 1) such that v 9 ( r ) = s - 
What is more: we can take a sequence {r n } C [0, 1] such that {^pij n )} is increasing and 
converges to s (this is so because 0(0) = < s). Let n G N and set z n = r n x. Then 
E(z n , M) < s, which implies that there exists m n G M such that z n = m n + a n with 
d(a n , 0) < s. It follows that E(a n , M) = E(z n , M) < s (since M is a vector space) and 
a n G B(0,s). Hence E(z n , M) < E(B(0,s),M) < E(B(0,r),M) < s < r for all n. On 
the other hand, 

E(B(0, r), M) <s = lim E(z n , M) < E(B(0, r), M), 

n— >oo 

which is impossible. This proves that B(0, s) + M = X, so that i?pT, M) < s. Hence, if 
E(B(0,r),M) < r, then E(B(0, r), M) = E(X,M), which is what we wanted to prove. 

□ 

Proof of Albinus's theorem. Theorem 2.7 guarantees that {A n } fails Shapiro's theorem if 
and only if there exists r > such that {E(B(0,ro), A n )} \ 0. On the other hand, 
Albinus-Riesz's lemma claims that E(B(0, r ), A n ) = min{ro, E(X, A n )} for all n. Hence 
{A n } fails Shapiro's theorem if and only if lim^oo E(X, A n ) = 0. In other words, {A n } 
satisfies Shapiro's theorem if and only if inf nGN E(X, A n ) > 0. □ 

The following result shows a simple sufficient condition for an approximation scheme 
{A n } to satisfy Shapiro's theorem on F-spaces. 

Proposition 2.15. Let (X,d) be an F -space with non decreasing metric d and let {A n } 
be an approximation scheme on X . If there exist No C N an infinite sequence of natural 
numbers, {x n } n6 N a bounded subset of X and c > such that, for all n G No we have 
that 

c < E(x n ,A n ), 
then {An} satisfies Shapiro's theorem on X. 

Proof. We proceed by contradiction. If we assume that {A n } fails Shapiro's theorem on 
X, Theorem 2.7 guarantees that {A n } fails Shapiro's theorem uniformly on a ball 5(0, r) 
for a certain r > 0, since the metric d is non decreasing. This means that there exist 
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r > and {e n } \ such that E(x, A n ) < e n for all n G N and all x G -8(0, r). Let us now 
assume that {x nk }keN is a bounded subset of X, c > and we have that c < E(x nh , A nk ) 
for all fceN, and lim^^ n k = +oo. Take A > such that {x nfe }^ C A-B(0, r) and write 
x nj , = Xzk with Zfc G -8(0, r). Then A n ) < e n for al n. It follows that 

c < 8(x nfc , A nk ) = E{Xz k , A nk ) < ([A] + l)£(* fc , A„J < ([A] + l)e nfc (fc = 0, 1, • • • ), 

which is impossible, since {e n } \ 0. □ 

Corollary 2.16. Let (X,d) be a locally convex metrizable topological vector space with 
metric d(x,y) = maxfc g ^{2~ fc } , where {pk} is a separating family of semi norms 

of X . Assume that (M k ) C [0, oo), Mo is an infinite subset ofN and there exist {x n } n£ ^ C 
X , m,Q G N and 5 > such that: 

(a) Pk(x n ) < M k /or a// k G N anc? rt G No- 

(6) E mo (x n , A n ) := inf aeAn p m „(j:„ - a) > 5 for all n G N . 
T/ien {A n } satisfies Shapiro's theorem on X. 

Proof. Condition (a) guarantees that {£ n }neN is a bounded subset of X . On the other 
hand, = £/(l + £) is an increasing function on (0, oo), which implies that, for n G f%, 

q < c = 2~ m ° - < 2~ m ° E mo {xn-, A n ) 
1 + 5 1 + £? mo (x n ,A n ) 

< max{2- m Em ( x "' A ") } 

mGN 1 + E m (x n , An) 

= max{ mf 2 — } 

mgN aG^ n 1 + p m [x n — a) 

< mi {max 2 -} 

a£A n m€N 1 + p m {x n — a) 

= E(x n , A n ) 

and we can use Proposition 2.15. □ 

3. Slow convergence of sequences of operators 

Definition 3.1. Let (X,p) and (Y, d) be two F- spaces. Let T : X — > Y be a (possibly 
nonlinear) operator and T n : X — > Y be a sequence of (possibly nonlinear) operators. We 
say that T n converges almost arbitrarily slowly to T if 

(i) lim^oo d(T n x, Tx) = for all x G X . 

(ii) For every {e n } \ there exists x G X such that d(T n x,Tx) ^ 0(e n ). 

We say that T n converges arbitrarily slowly to T if it satisfies (i) above and 

(Hi) For every {e n } \ there exists i6l such that d(T n x, Tx) > e n for all n G N. 

If Z C X, we say that T n converges almost arbitrarily slowly to T relative to Z if it 
satisfies (i) above and 
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(iv) For every {e n } \ there exists x G Z such that d(T n x,Tx) ^ 0(e n ). 
We say that T n converges arbitrarily slowly to T relative to Z if it satisfies (i) above and 
(v) For every {e n } \ there exists x G Z such that d(T n x, Tx) > e n for all n G N.. 

The study of slow convergence of sequences of operators was quite recently initiated 
by Deutsch and Hundal [10, 11, 12]. Concretely, in [10] they introduced the concepts of 
arbitrarily slowly (respectively, almost arbitrarily slowly) convergence of a sequence of 
linear operators T n to an operator T, and characterized almost arbitrarily slowly conver- 
gent sequences as those which are punctually convergent but not norm convergent. This 
result can be generalized to the F-spaces setting as follows: 

Theorem 3.2. Let (X,p) be an F -space and (Y,d) be a metric vector space with non 
decreasing metric d. Let T : X — >■ Y be a continuous linear operator and T n : X — >■ Y be 
a sequence of continuous linear operators. The following are equivalent claims: 

(i) The sequence {T n } converges punctually to T but it does not converge almost ar- 
bitrarily slowly to T. 

(ii) There exists a sequence {e n } \ and a positive real number r > such that 

(T n -T)(B p (0,r o ))CB d (0,s n ), n = 0, 1,2, ■ ■ • . 

In particular, if(i) holds true, {T n } converges to T in the topology of bounded convergence. 
Finally, if X is locally bounded, (i) and (ii) are equivalent to 

(Hi) {T n } converges to T in the topology of bounded convergence. 

Proof, (i) (ii). Assume (i). Then for each x G X there exists {e n } \ and C(x) > 
such that d(T n x,Tx) < C(x)e n for all n G N. In particular, X = [J meN A m , where 

A m = {x G X : d(T n x, Tx) < me n for all n G N}. 

Obviously, A m is a closed subset of X since T, T n are continuous. Furthermore, A m = 
— A m and, if x, y G A m then 

d(T n (^-),T(^-) = d(±(T n -T)(x + y),0)<d((T n -T)(x + y),0) 

< d((T n -T)(x),0) + d((T n -T)(y),0)<2me n , (n G N), 
since d is non decreasing. This implies that 

(3.1) i(A m + A m ) C A 2m . 

Baire's category theorem implies that B p (xo,r ) C A mo for certain m G N, Xq G X and 
r > 0. Furthermore, B p (— xo,r ) C A mo , since A mo = — A mo and the inclusion (3.1) 
shows that 



B p (0,r ) C -(B p (x ,r ) + B p (-x ,r )) C A 2mo . 



This proves (i) =^> (ii) 
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(ii) =$> (i). Assume (ii) and let x £ X. There exists A > such that x = Xy with 
y £ B p (0.r ), since these balls are absorbing sets. Hence 



which proves (ii) =>■ (i). The last part of this theorem follows easily from the equivalence 
(i) (ii) above, in conjunction with the definition of the topology of bounded convergence 
on the space of linear continuous operators B(X, Y) and the fact that balls are bounded 



Theorem 3.2 has the following nice consequence: 

Corollary 3.3. Let (X,p) be a locally bounded F -space and (Y,d) be a metric vector 
space with non decreasing metric d. Let T : X — > Y be a continuous linear operator and 
T n : X — > Y be a sequence of continuous linear operators. The following are equivalent 
claims: 

(i) The sequence {T n } converges almost arbitrarily slowly to T. 

(ii) {T n } converges punctually to T but it does not converge to T in the topology of 
bounded convergence. 

In [10] the authors proved that some classical families of operators are almost arbi- 
trarily slowly convergent to the identity and they stated (with no proof) that Bernstein's 
operators are in fact arbitrarily slowly convergent to the identity. They conjectured that 
this property should also hold true for other classical operators such as Fejer's or Lan- 
dau's. They solved their conjecture in the positive in [12] by using a small modification 
of Tjuriemskih's lethargy theorem [25]. These results have been our main motivation 
to demonstrate Theorem 3.4 below, which generalizes the ideas of [12] to a much more 
general context. 

Theorem 3.4. Let (X,p) and (Y,d) be two F- spaces. Let {A n } be an approximation 
scheme on Y and let us assume that {A n } satisfies Shapiro's theorem on Y . Let T : X — > 
Y be an operator and and T n : X — >■ Y be a sequence of operators such that 

(i) lim^oo d(T n x, Tx) = for all x £ X. 
(ii) T n (X) C A n for all n £ N. 

Then: 

(a) If T(X) = Y then T n — > T almost arbitrarily slowly. Furthermore, if T(X) = Y 
and Y is a Banach space, then T n — > T arbitrarily slowly. 

(b) If Z is a subspace of Y such that {A n } satisfies Shapiro's theorem on Z and 
Z C T(X), then T n — >■ T almost arbitrarily slowly. Moreover, if we add the 



d(T n x, Tx) 



= d((T n — T)x, 0) = d(X(T n — T)y, 0) 

< ([X] + l)d((T n -T)y,0)<([\] + l)e n (n £ N), 



sets in locally bounded metric spaces. 



□ 
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hypothesis that X = Y and T = I , then T n — >■ / almost arbitrarily slowly relative 
to Z. 

(c) Assume that X, Y are quasi-Banach, A n is a vector space and dimA n < oo for 
all n G N, and there exists Z, a closed subspace of Y , such that Z C T(X) and 
dimZ = oo. Then T n — >• T arbitrarily slowly. Moreover, if we add the hypothesis 
that X = Y and T — I, then T n — >• I arbitrarily slowly relative to Z . 

Proof, (a). Let {e n } be a non-increasing sequence converging to 0. We know that 
E(y,A n ) 7^ 0(e n ) for a certain y G Y, since {A n } satisfies Shapiro's theorem on Y. 
Now, T(X) = Y implies that y = Tx for a certain i6l. This leads to 

d(T n x,Tx) ^ 0(e n ) 

(which is what we wanted to prove), since T(X) C A n implies that d(T n x,Tx) > 
E(Tx,A n ) = E(y,A n ). The second part of (a) follows directly from Corollary 3.7 in 
[3]. _ 

(b) The arguments are the same as in (a), but now we use that {A n } satisfies Shapiro's 
theorem on Z and Z C T(X). Thus, the element y can be chosen from Z and it is still of 
the form y = Tx for a certain This leads to almost arbitrarily slowly convergence 
of T n to the operator T. 

(c) Use Theorem 4.3 from [4]. □ 

Theorem 3.4 includes some interesting situations not considered in [12]. We include a 
few of them here for the sake of completeness: 

• Greedy approximation with respect to a complete minimal system in the Banach 
setting produces sequences of nonlinear operators T n which are arbitrarily slowly 
convergent to the identity operator (see [3, Theorem 6.2]). 

• Greedy approximation with respect to an unconditional basis (0 n )^=o °f a se P" 
arable Banach space X produces sequences of nonlinear operators T n which are 
almost arbitrarily slowly convergent to the identity operator relative to any infinite 
dimensional closed subspace Z of X (see [4, Theorem 7.7]). 

• If T n : X — > Y is a sequence of linear operators, T n — > T punctually, T(X) contains 
a finite codimensional subspace of Y, and T n (X) ^ Y for all n, then T n — > T almost 
arbitrarily slowly (Use Theorem 2.9 from [1] and part (b) of Theorem 3.4). 

• Consider the examples given in [12] (Bernstein's, Fejer's, etc.). In all these cases 
we can prove that the sequence of operators is arbitrarily slowly convergent to the 
identity operator relative to any infinite dimensional closed subspace Z of C[a, b}. 
(To prove this, just take into account part (c) of Theorem 3.4). 

The operators T to which Theorem 3.4 is applicable have large range. In fact, they sat- 
isfy T(X) = Y (the whole image space) or T(X) contains a finite-codimensional subspace 
of Y, or it contains an infinite dimensional closed subspace of Y (e.g., this holds true if 
dimT(X) = oo and T has closed range. These operators are well known in functional 
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analysis). This is obviously a serious restriction on our theory For example, if the inclu- 
sion of the infinite-dimensional closed subspace Z C T(X) is continuous, then T will be 
not compact. An interesting open question is to look for some kind of description of the 
class of compact operators T such that T n converges almost arbitrarily slowly to T if and 
only if it converges arbitrarily slowly to T. What is more, perhaps this question makes 
sense for other important classes of operators such as strictly singular, finitely strictly 
singular, etc. 
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